Abstract. For the harmonic mappings f k = h k + g k (k = 1, 2), define the combination f = h + g := ηh 1 + (1 − η)h 2 + ηg 1 + (1 − η)g 2 (η ∈ C). Some sufficient conditions are found for f to be (i) univalent and convex in a particular direction, and (ii) convex. When η is taken as real, these results extend some of the earlier results obtained in this direction. Furthermore, we find sufficient conditions for the general linear combination ηf 1 +(1−η)f 2 (η ∈ C) to be univalent and convex in a particular direction. In particular, it is shown to be univalent and convex in the direction −µ for |η| ≤ 1, if
Introduction
A complex-valued function f defined on a domain Ω ⊆ C is known as a harmonic mapping if, and only if both real as well as imaginary parts of f are real harmonic. If Ω is simply connected domain, then f can be written as f = h + g, where both h and g are analytic mappings and are, respectively, known as analytic and co-analytic parts of f . By a result of Lewy, a mapping f = h + g is locally univalent and sense-preserving on Ω if, and only if its jacobian |h(z) ′ | 2 − |g ′ (z)| 2 > 0, or equivalently its dilatation ω, defined by ω = g ′ /h ′ , satisfies |ω(z)| < 1, for z ∈ Ω. Let H denotes the class of all locally univalent and sense-preserving harmonic mappings f = h + g defined on the unit disk D = {z ∈ C : |z| < 1} and normalized by the conditions h(0) = h ′ (0) − 1 = 0. Also, let S H be the sub-class of H consisting of all univalent harmonic mappings, and let S 0 H be sub-class of all mappings f = h + g in S H with g ′ (0) = 0. Furthermore, let K H (resp. K 0 H ) be sub-class of S H (resp. S 0 H ) consisting of all mappings which maps D onto convex domains. A domain Ω is said to be convex in the direction γ (0 ≤ γ < π), if every line parallel to the line joining the origin to the point e iγ has connected intersection with Ω. If γ = 0 (or π/2), such a domain is said to be convex in the real (or imaginary) direction. A domain convex in some direction is close-to-convex. A mapping f is said to be convex in the direction γ, if f (D) is convex in the direction γ, and a mapping convex in every direction is a convex mapping.
Let f k = h k + g k (k = 1, 2) be two harmonic mappings defined on D. Their convex combination f is defined as (1.1) f = tf 1 + (1 − t)f 2 = th 1 + (1 − t)h 2 + tg 1 + (1 − t)g 2 , 0 ≤ t ≤ 1.
Generally, the convex combination of two convex harmonic mappings need not be convex harmonic, and indeed it need not be univalent. However, using the Clunie and SheilSmall's [2] method of "shear construction", several authors [4, 7, 11, 13, 14] have studied the univalency and convexity in a particular direction of the convex combination defined by (1.1) of functions belonging to some sub-classes of harmonic mappings. See [1, 5, 6, 8, 12] and the references therein for the other related work on the directional convexity of harmonic mappings and some of their combinations. In particular, Dorff and Rolf [4] proved that the convex combination of two locally univalent and sense-preserving harmonic mappings convex in the imaginary direction with the same dilatations is univalent and convex in the imaginary direction. Also, Wang et al. [14] proved that the convex combination f of the mappings f 1 and f 2 given by (1.1) is univalent and convex in the real direction, if
The results in [14] were extended to a larger class of functions by Kumar et al. [7] and Shi et al. [11] .
Define a combination f of f 1 and f 2 as
Both the analytic and co-analytic parts h and g of f in the above combination are the general linear combination of the analytic and co-analytic parts h k and g k of f k , respectively, with the same parameter η. For η real, f is the general real linear combination of f 1 and f 2 , and is same as the combination given by (1.1) when 0 ≤ η ≤ 1.
We study the combination defined by (1.3) of harmonic mappings f k = h k + g k (k = 1, 2) obtained by shearing of analytic mapping ψ = h k − e 2iϕ g k , which is convex in the direction ϕ, and find sufficient conditions for this combination to be univalent and convex in the direction of ϕ. Also, we find sufficient conditions for the above combination of harmonic mappings, obtained by shearing the analytic mapping φ(z) = z 0 ψ µ,ν (ξ)dξ, where ψ µ,ν (z) = (1 − 2ze iµ cos ν + z 2 e 2iµ ) −1 , µ, ν ∈ R, to be convex. Moreover, we study the general linear combination ηf 1 + (1 − η)f 2 (η ∈ C) of f 1 and f 2 , and find sufficient conditions for this combination to be univalent and convex in the direction −µ, when f k is obtained by shearing the analytic mapping φ(z) = z 0 ψ µ,ν (ξ)dξ. In particular, it is shown that the function ηf 1 + (1 − η)f 2 is univalent and convex in the direction −µ for η ∈ D if ω k , the dilatation of f k , satisfies |ω k (z)| < α k with α 1 ≤ 1/5 and α 2 ≤ 1/7. For η real in the above defined combinations, the results we obtain generalize some of the results already established in [7, 11, 14 ] to a larger classes of mappings.
Main Results
The following result due to Cluine and Sheil-Small [2] , known as the method of shear construction, is very usefull in checking the univalency and convexity in a particular direction/convexity of harmonic mappings. The following theorem gives sufficient conditions for the combination f of the mappings f 1 and f 2 given in (1.3) to be univalent and convex in a particular direction. 
where ψ is convex in the direction of ϕ. 
Proof. Since
by using (2.1), we have
Therefore, in view of the assumptions on ψ and λ, the mapping h − e 2iϕ g is convex in the direction ϕ. Thus the result follows from Lemma 2.1, whence we prove that f is locally univalent and sense-preserving. Let ω k be the dilatation of f k . Therefore g
Hence the dilatation ω of f is given by
along with the equations obtained after differentiation of (2.1) for h
On substituting the values of h
.
With ω k replaced by e −2iϕ ω k , the above equation gives
Therefore, by using (2.5), we see that
If either η is real with 0 ≤ η ≤ 1 and λ > 0, or η is real with η ≤ 0 and λ < 0, then both
and
are non-negative, and at least one of them is positive. Since
Hence |ω(z)| = |e 2iϕ ω(z)| < 1 for z ∈ D, which implies that f is locally univalent and sense-preserving. For λ = 1, we see from (2.5) that
Above equation shows that |ω(z)| < 1, z ∈ D, if, and only if,
or equivalently if, and only if
Remark 2.3. The result in part 3 is sharp in the sense that it doesn't holds good for all the values of η in any disk of radius greater than (1 − α 1 )(1 − α 2 )/(2(α 1 + α 2 )). Put ω 1 (z) = αz and ω 2 (z) = −αz and take η to be negative real number in the left-hand side of inequality (2.7), and then by letting z → 1 through the real values, we see that the inequality (2.7) doesn't hold good for
Since the mapping φ(z) := z 0 ψ µ,ν (ξ)dξ is convex (convexity of φ is easily seen by observing that Re (1 + zφ ′′ (z)/φ ′ (z)) > 0 for D), Theorem 2.2 gives the following result.
Corollary 2.4. For k = 1, 2 and µ, ν, ϕ ∈ R, let the mapping
Then for the mapping f given by (1.3), we have the following: 1. If η is real, then the mapping f ∈ S 0 H and convex in the direction ϕ for all η with
However, if we take ϕ = π/2 + µ in the above corollary, we get f ∈ K 0 H . In fact, in such a case, we have a more generalized result, see Theorem 2.6. For any non-negative integer n, define the differential operator D n : A −→ A on the family A of all analytic mappings f as:
In order to prove our next result, we use the following straight forward generalization of Sheil-Small's [10] result on the relation between the starlike and convex harmonic mappings. 
Theorem 2.6. For k = 1, 2 and µ, ν ∈ R, let the mapping f k = h k + g k ∈ H be such that, the mapping D n−1 f k is locally univalent, sense-preserving, and
Then for the mapping f given by (1.3) , we have the following:
we have
Therefore, in view of (2.8), we see that
where
. In view of the assumptions on D n−1 f k , Theorem 2.2 shows that the mapping F := H + G is locally univalent and sensepreserving. We will show it is convex. To prove this, in view of Lemma 2.1, it suffices to show that the mapping H −e 2iθ G is convex in the direction θ for all θ ranging in an interval of length π. In other words, it is sufficient to show that the mapping e −i(µ+θ) (H − e 2iθ G) is convex in the direction −µ for all θ such that 0 ≤ µ + θ < π. Consider the case 0 ≤ µ + θ < π/2. Since f is locally univalent and sense-preserving,
Using above inequality, we have
Re
Also, differentiation of equation (2.10) gives that H ′ (z) + e −2iµ G ′ (z) = ψ µ,ν (z). Therefore, in view of equation (2.11) , Theorem 2.9 shows that the mapping e −i(µ+θ) (H − e 2iθ G) is convex in the direction −µ for all θ such that 0 ≤ µ + θ < π/2. Similarly with γ = µ + π, Theorem 2.9 shows that the mapping e −i(µ+θ) (H − e 2iθ G) is convex in the direction −µ for all θ such that π/2 ≤ µ + θ < π. Thus F is convex, and hence starlike. Also, equation (2.9) shows that the normalization of f k implies the normalization of f . The result now follows by Theorem 2.5.
Above result is extended to n mappings as.
Corollary 2.7. For k = 1, 2, . . . , n and µ, ν ∈ R, let the normalized harmonic mapping f k = h k + g k satisfy equation (2.8) , and let the mapping D n−1 f k be locally univalent and sense-preserving. Then we have the following:
. . , n − 1 and |ω n (z)| < α 2 , z ∈ D. Also, let t 1 , t 2 , . . . , 1 − t n are of same sign and
Proof. Part 1 simply follows by the repeated application of part 1 in Theorem 2.6. However, for part 2, we see that
By the assumptions on t k , we see that t 1 /(1 − t n ), t 2 /(1 − t n ) . . . , t n−1 /(1 − t n ) are all positive and
. . , n − 1 . Therefore by [13, Lemma 6] , the dilatation ω of the mapping 
Then, for 0 ≤ t ≤ 1, the mapping
The following result of Royster and Zeigler [9] can be used to check the directional convexity of the harmonic mappings (arising from shearing of analytic mappings) through the method of shear construction. Re e i(µ−γ) (1 − 2ze
Put γ = µ and then replace it by −µ in the above theorem, we see the non-constant analytic mapping φ is convex in the direction −µ, if for some ν ∈ R, Re (φ ′ (z)/ψ µ,ν (z)) > 0. Using this argument, Theorem 2.2 gives the following result.
Theorem 2.10. For µ, ν ∈ R, let the locally univalent and sense-preserving mapping 
Proof. Since Re p(z) > 0, z ∈ D, we have
Hence, by Theorem 2.9, the mapping z 0 ψ µ,ν (ξ)p(ξ)dξ is convex in the direction −µ. Therefore, in view of equation (2.13), Theorem 2.2 follows the result.
On varying the mapping p in the above theorem, we get different results which in a special cases not only generalizes the already established results on convex combination of harmonic mappings (e.g see [7, 13] ), but on taking smaller values of α 1 and α 2 , part (2) shows that such results are extended to a wider range of the values of η as well.
Corollary 2.11. For k = 1, 2, and µ, ν 1 , ν 2 ∈ R, let the locally univalent and sensepreserving mapping 
Proof. Let
Since, for any γ real and z ∈ D,
we get Re p(z) > 0 for z ∈ D. Also, in view of equation (2.14), we see that
Therefore, the result follows by Theorem 2.10.
Remark 2.12. By taking A = 1, B = 0, µ = π and γ 1 = 0, and A = 1, B = 0, µ = π in the above corollary, we get Theorem 3 of Wang et al. [14] and Theorem 2.1 of Kumar et al. [7] , respectively. Also, observe that
for ν 2 = nπ, n ∈ N. Therefore by taking µ = π in the above corollary, we get a result of Sun et al. [13, p.371] .
Taking
in Theorem 2.10, and proceeding as in Corollary 2.11, we get the following result.
Corollary 2.13. For k = 1, 2, and µ, ν ∈ R, let the locally univalent and sense-preserving harmonic mapping 
Lastly, we consider the general linear combination F of the mappings f 1 and f 2 , and is defined as
Like the f combination defined , above combination F too have both the analytic and co-analytic parts as general linear combination of the corresponding analytic and coanalytic parts of f 1 and f 2 , respectively, except that the parameters of the combination are not same, but complex conjugates. If η is real, the above combination is simply a special case of the combination f of the mappings f 1 and f 2 defined by (1.3). We find sufficient conditions for this combination of the locally univalent and sense-preserving harmonic mappings to be univalent and convex in a particular direction. First, we prove the following lemma.
Lemma 2.14. For k = 1, 2, let the mapping
for some µ, ν ∈ R. Then the mapping F = ηf 1 + (1 − η)f 2 is univalent and convex in the direction −µ if it is locally univalent and sense-preserving for all η ∈ C satisfying anyone of the following:
Proof. Let η = |η|e iθ . Since
Therefore, in view of (2.15), we see that
Since the mapping f k = h k + g k (k = 1, 2) is locally univalent and sense-preserving, |g
Hence, above equation along with (2.16) shows that
if 0 ≤ Re η ≤ 1. Therefore by Theorem 2.9, the function h − e −2iµ g is convex in the direction −µ. Thus, for all η with 0 ≤ Re η ≤ 1, lemma 2.1 shows that the mapping F is univalent and convex in the direction of −µ provided it is locally univalent and sensepreserving. This follows the result in case (i). Let ω k be the dilatation of the mapping f k . Therefore equation (2.16) is equivalent to
Note that
Hence, if |ω 1 (z)| < 1/5 and |ω 1 (z)| < 1/7, then for −1 ≤ Re η < 0, equation (2.17) shows that
Above equation along with Theorem 2.9 and Lemma 2.14 shows that, for all η with −1 ≤ Re η < 0, the mapping F is univalent and convex in the direction of −µ provided it is locally univalent and sense-preserving. This along with the result in case (i) follows the result in case (ii).
The problem in the above lemma is now to find out the vales of η for which F is locally univalent and sense-preserving. In the next theorem, we prove this for the values of η lying in the disk with origin as center and radius given in-terms of the bounds of the dilatations of f k . Theorem 2.15. For k = 1, 2, let the mapping
is locally univalent and sense-preserving for |η| ≤ (1 − α 1 )(1 − α 2 )/(2(α 1 + α 2 )).
Proof. Since ω k is the dilatation of the mapping f k , following similarly as in Theorem 2.2, the dilatation ω of F is given by ω = ηω 1 (1 − e −2iµ ω 2 ) + (1 − te iθ η)ω 2 (1 − ηω 1 ) η(1 − e −2iµ ω 2 ) + (1 − η)(1 − e −2iµ ω 1 )
. 2|(ω 1 (z) − ω 2 (z))(e −2iθ − ω 2 (z))| .
But, for k = 1, 2 and z ∈ D, |ω k (z)| < α k implies that
2|(ω 1 (z) − ω 2 (z))(e −2iθ − ω 2 (z))| > (1 − α 1 )(1 − α 2 ) 2(α 1 + α 2 ) .
Hence |ω(z)| < 1, z ∈ D, for all η with |η| ≤ (1 − α 1 )(1 − α 2 )/(2(α 1 + α 2 )).
Remark 2.16. Clearly Remark 2.3 shows that the result in the above theorem is sharp in the sense that it doesn't holds good for all the values of η in any disk of radius greater than (1 − α 1 )(1 − α 2 )/(2(α 1 + α 2 )).
Theorem 2.15 along with Lemma 2.14 gives the following result. Remark 2.18. For k = 1, 2, if the mapping f k = h k + g k ∈ H satisfy (2.18) and its dilatation ω k satisfies |ω k (z)| < α k , with α 1 ≤ 1/5 and α 2 ≤ 1/7, then the mapping F = ηf 1 + (1 − η)f 2 is univalent and convex in the direction −µ for all η ∈ D .
